QUANTUM MECHANICS II EXAM
19 July 2021

Answers sheet

We consider a system formed by three particles of spin % and of equal mass m in three dimensions,
confined within a parallelepiped. The particles are to be considered in general not identical. The dynamics

are described by the Hamiltonian
=2 =2 =2 \ 1.
H= bt 2t BV (@) + V(@) +V (#) — s S+ 3B (1 +5) — 5 (- &+ 5-8), (1)

where Z;, p; and §; are the position, momentum and spin operators for the two particles, respectively,

and A are real positive constants and B is a three-dimensional vector with real components. The potential
V(Z;) has the form

0 if ’:1357 N <a
V(@) = ; )
oo if ‘xij >a
where .rgj ) is the j-th component of the position operator for the i-th particle and a is a positive real
constant.

(1) If we set p = A =0, and B; = 0 for each i, the Hamitlonian Eq. (1) becomes

-2 -2 )
BB By (@) 4V (@) + V(3 (3)

H =
v 2m  2m  2m

which can be separated into three one-dimensional Hamiltonians describing a ‘particle in a box’ for
each particle. Thus the eigenvalues spectrum is

Ey = El1,l2,l3 + Em17m2,m3 + En1,n27n3’ (4)

with with [;, m; and n; positive integers, and

232

v
Eijr =

o (& + 5% + k). (5)

(2) The wave function of the system described question (1) can be written as

770 = ¢l1,l2,l3 (fl) ¢m1,m2,m3 (52) ¢n17n2,n3 (53) Xs%,sf,s%,sg,sg,sgv (6)
where
Gijk (T) = ¢i(x)9;(y)Pr(2), (7)
with
\/gcos 2x, ifnis odd
oulr) =4 Ve© o 0
\/;sm sz, if nis even

and y denotes the spin-dependant part of the wave function.

(3) If we again consider the system as described in exercise (1), the degeneracy of the ground state is
deg = 8. This is because the spatial part of the ground state is non-degenerate, but each particle
can be in one of two spin states, and thus the spin degeneracy is deg = 23 = 8.

For the first excited state the spatial part has deg = 9, leading to a total degeneracy of deg = 9x8 = 72.

1



(4)

Here we are interested in the eigenvalues of the Hamiltonian Eq. (1) in case A # 0, but =0, B; =0
for each 1.

Let us consider )

H/\ - _ﬁgl : §2 (9)
which can be written in a basis of the eigenstates of the operators s?,, s%,, s: and s3, where
§12 = §1 + 5. In this basis the Hamiltonian is

A
Hy = o (5%2 — 57— 3%) ; (10)

and the corresponding eigenvalues are

A 3
ES)\12 = 5 (512<512 + 1) - 5) ) (11)

for S12 € {0, 1}

The degeneracy correspondig to the eigenvalues E;\12, is deg = 2s15 + 1. Since the third particle can
be in one of two states for each value of E;\u, the total spin degeneracy is deg = 2(2s12 + 1).

Let us consider two angular momenta El and Eg, and a total angular momentum I_;tot = El + [_:2.
The Clebsch-Gordan coefficients (myms|lm) are only non-zero if m = m; + my. This can be shown
using the identity for the third component of the angular momentum L;, = Lj + L3. Namely, we

have
Ligltm) = hmltm), (L5 + L3) lmyma) = h(my + ma)|myms), (12)

from which it follows that
(mymy|L?, — L7 — L|ml) = h(m — my — ma){mymy|lm) = 0. (13)
Here it is clear that the Clebsch-Gordan coefficients can only be non-zero if m = my 4+ mo.

Here we wish to determine the Heisenberg equations of motion for the operator §; in the case where
A, pand B are all non-zero. The equations of motion for 5] are
ds, i
— = ——|5, H|. 14
dt h[ 1 ] ( )

To write out the left hand side, we use the components of 57 satisfy the commutation relations

[si,s7] = ihe* sk, (15)
Working out the equation of motion for each component of 57 takes a bit of work, and the final
answer is

ds’ AL L 1o - S
d_tlz_ﬁ@xsl—l-ﬁBxsl—%s;;XSL (16)

Let us consider the Hamiltonian of question 4 (i.e. A # 0, p = 0 and B; = 0 for each i) as an
unperturbed Hamiltonian. Now we suppose that B # 0, and treat the term proportional to Basa
perturbation. Without loss of generality we can assume that B is directed along the z-axis, and we
can again write the Hamiltonian in a diagonal basis:

N T

Hg = Hy — ﬁsl - S9 + £|B|5127 (17)
A 1=

:Hv—ﬁ(§2—§—§§)+ﬁ|3\sm, (18)



(10)

In such case the first-order perturbation for the singlet state is given by
4 1 ] z 4
ABsi,=0s1,=0 = (812 = 0,512 = 02| Blsia|s12 = 0,53, = 0) = 0, (19)

and for the triplet state, in the basis

1,1)
s12 =1,875) = [ [1,0) (20)
‘17 _1>

it is given by

10 0
z 1 > z z ]
AE512=1,s§2 = (s7q, 812 = 1|7_i’B|812‘812 =1,s%,)=|B/[0 0 0 (21)
0 0 —1
The perturbation removes the spin degeneracy of particles 1 and 2.
In the case where B; = 0 for each i, but A = p # 0, the Hamiltonian Eq. (1) can be written as
HQZHV‘i‘Hﬂ, (22)
where
Ho=-L (G 5+58 5+5 5) (23)
p= g S1eS2 Sz Sy S8,
1
= 575 (5 — 1 - 5 - 5). (24)
where we defined 5193 = 51 + 53 + 55. The eigenvalue spectrum of H,, is
9
E5123 = _g (8123(8123 + 1) - Z) ) (25)
with S123 € {%, %}
In order to compute the degeneracy consider the eight states of the basis s3, s3s3, 57, 3, 55
1 1.1 1.1 1
—+ =M=k =)= £ = 26
5% phls £ el = 2)s (26)

We can combine the first two spins, thus getting a singlet and triplet |1m)2|3 £ 1)3, [00)12]3 £ 1)
Combining now the result with the third particle we get states |ss,s12) corresponding to

3 1 1

. 2717 a0 2717 a? 270' 27
25l), Igosl) Ig,5,0) (27)
Hence the state with sj93 = % is four times degenerate (four possible values of s,) and the state with
S123 = % is also four time degenerate (two possible values of s, when s;5 = 1 and two possible values
of s, when s = 0).

Considering again a system described by the Hamiltonian of the previous question, Hy, we now
assume the case in which the particles are identical. Furthermore, we also assume that g = A > m+L2
This inequality means that ground state corresponds to a state in which the term proportional to u

in Fy is minimized, and thus sj93 = % For s193 = %, the spin wave function is completely symmetric,



(11)

and thus we need a spatial wave function that is completely anti-symmetric. This means that any
two particles cannot be in the same state, and thus ground state is

Ey=FEi1+FEi21+Ei12+ Eg/g- (28)

Because the wave function is completely antisymmetrized, it is not degenerate for each choice of
quantum numbers of the three particles. However, there are three different ways of choosing these
sets of quantum numbers for the spatial part: namely by having the two different particles in the first
excited state to have their sets of quantum numbers equal to ((1,2,1); (1,1,2)), or ((2,1,1); (1,1,2)),
or ((2,1,1); (1,2,1)). This leads to a threefold degeneracy of the spatial wave function. Furthermore,
there are four possible choices for s7,;, the third component of the total spin, all asscoiated to a fully
symmetric spin wave function, leading to a fourfold degeneracy of the spatial wave function. Hence
there are 12 degenerate distinct fully antysimmetrized wave function, leading to d = 12.

Let us consider a case similar to the previous question but this time assuming p = A < # In
this case the ground state is the state for which the spatial part of the eigenvalue is minimized. As
an initial thought, one might think the spatial part of the eigenvalue thus becomes Fj ; ;, however
this corresponds to a wave function where the spatial part is fully symmetric while we do not have
a fully anti-symmetric spin wave function. For s193 = % the spin part is anti-symmetric with respect

to two particles, thus in this case the ground state is

Ey=FEi1+FEi0+Ei12+ Ef/g (29)



