
Solution of the exam of Theoretical Physics of January 23 2024

Real scalar field:

ϕ(x) =

∫
d3p

(2π)3
1√
2Ep

(
ape

−ipx + a†pe
ipx

)
. (1)

Spinor field:

ψ(x) =

∫
d3p

(2π)3
1√
2Ep

2∑
s=1

(
aspu

s(p)e−ipx + bs†p v
s(p)eipx

)
. (2)

1. The energy-momentum tensor is defined as

Tµ
ν =

∂L
∂(∂µϕ)

∂νϕ+
∂L

∂(∂µψ)
∂νψ − δµνL . (3)

Using
∂L

∂(∂µϕ)
= ∂µϕ

∂L
∂(∂µψ)

= iψ̄γµ , (4)

we find that
Tµ

ν = ∂µϕ∂νϕ+ iψ̄γµ∂νψ − δµνL . (5)

The Hamiltonian density is

H = T 00 = ∂0ϕ∂0ϕ+ iψ†∂0ψ − 1

2

(
∂µϕ∂

µϕ−mϕ2
)
− ψ̄

(
i/∂ + ig(a+ bγ5)ϕ

)
ψ

= ϕ̇2 + iψ†ψ̇ − 1

2

(
ϕ̇2 + ∂iϕ∂

iϕ−mϕ2
)
− ψ̄

(
iγ0∂0 + iγi∂i + ig(a+ bγ5)ϕ

)
ψ

=
1

2
ϕ̇2 +

1

2
∇⃗ϕ · ∇⃗ϕ+

m

2
ϕ2 − iψ̄γ⃗ · ∇⃗ψ − ig(a+ bγ5)ϕψ̄ψ (6)

2. The only internal symmetry of the theory is

ψ → ψ′ = e−iθψ , (7)

ψ̄ → ψ̄′ = eiθψ̄ . (8)

The associated Noether current is

J µ =
∂L

∂(∂µψ)
∆ψ = ψ̄γµψ , (9)

where we used that

∆ψ =
δψ

θ
=

−iθψ
θ

= −iψ . (10)

The classical conserved charge is

QU(1) =

∫
d3xJ 0(x) =

∫
d3x ψ̄(x)γ0ψ(x) =

∫
d3xψ†(x)ψ(x) . (11)

In order to write thecharge in terms of creation and annihilation operators we insert Eq. (2) in Eq. (11), finding

QU(1) =

∫
d3x

∫
d3pd3p′

(2π)3
√

2Ep2Ep′

∑
ss′

(
as†p u

s†(p)eipx + bspv
s†(p)e−ipx

) (
as

′

p′us
′
(p′)e−ip′x + bs

′†
p′ v

s′(p′)eip
′x
)

(12)

=

∫
d3x

∫
d3pd3p′

(2π)3
√

2Ep2Ep′

∑
ss′

(
as†p a

s′

p′us†(p)us
′
(p′)ei(p−p′)x + as†p b

s′†
p′ u

s†(p)vs
′
(p′)ei(p+p′)x

+ bspa
s′

p′vs†(p)us
′
(p′)e−i(p+p′)x + bspb

s′†
p′ v

s†(p)vs
′
(p′)e−i(p−p′)x

)
. (13)
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Integrating over d3x we get a delta that remove one of the integrals over momentum and therefore we find

QU(1) =

∫
d3p

(2π)32Ep

∑
ss′

(
as†p a

s′

p u
s†(p)us

′
(p) + as†p b

s′†
−pu

s†(p)vs
′
(−p) + bspa

s′

−pv
s†(p)us

′
(−p) + bspb

s′†
p vs†(p)vs

′
(p)

)
. (14)

Using

us†(p)us
′
(p) = 2Epδ

ss′ , (15)

vs†(p)vs
′
(p) = 2Epδ

ss′ , (16)

us†(p)vs
′
(−p) = 0 , (17)

vs†(p)us
′
(−p) = 0 , (18)

we find

QU(1) =

∫
d3p

(2π)3
1√
2Ep

2∑
s=1

(
as†p a

s
p − bs†p b

s
p

)
, (19)

where we have anticommuted bs†p and bsp at the cost of removing an infinite constant.

3. • External lines

ϕ |s(p)⟩ =
p

= 1, ⟨s(p)|ϕ =

p

= 1, (20)

ψ |f(pj , s)⟩ =
pj = us(pj), ⟨f(pj , s)|ψ =

pj = ūs(pj), (21)

ψ |f̄(pj , s)⟩ =
pj = v̄s(pj), ⟨f(pj , s)|ψ =

pj = vs(pj). (22)

• Propagators
p

=
i

p2 −m+ iϵ
, scalar propagator, (23)

p
=

i(/p+m)

p2 + iϵ
, fermion propagator. (24)

• Vertex

= − g(a+ bγ5) . (25)

4. The diagrams that contribute to the process f(p1)f̄(p2) → f(p3)f̄(p4) at leading order are

p1

p2

p3

p4

+

p1 p3

p2 p4

= i (Ms − iMt) . (26)

Note that with the Lagrangian written as in the assigment the mass parameter (with dimension [E]) is actually
√
m.

(No penalty is given to those who overlooked this point). The relative sign between the two diagrams is a minus since
to obtain the second one from the first one we have to exchange an antifermion from one bilinear with a fermion from
the other bilinear.

Applying the Feynman rules it is easy to find

iM(s) = v̄s2(p2) (−g(a+ bγ5))u
s1(p1)

i

(p1 + p2)2 −m
ūs3(p3) (−g(a+ bγ5)) v

s4(p4) , (27)

iM(t) = ūs3(p3) (−g(a+ bγ5))u
s4(p4)

i

(p1 − p3)2 −m
v̄s3(p3) (−g(a+ bγ5)) v

s4(p4) . (28)
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5. We have to compute the modulus squared of the unpolarized amplitude. Using∑
s

us(p)ūs(p) = /p ,
∑
s

vs(p)v̄s(p) = /p , (29)

since the fermion is massless, and averaging over initial polarizations, we obtain∑
|M|2 =

1

4

∑
s1,s2,s3,s4

|M|2 =

=
g2

4

[
1

((p1 + p2)2 −m)
2Tr

(
/p1(a+ bγ5) /p2(a+ bγ5)

)
Tr

(
/p3(a+ bγ5) /p4(a+ bγ5)

)
+

1

((p1 − p3)2 −m)
2Tr

(
/p1(a+ bγ5) /p3(a+ bγ5)

)
Tr

(
/p2(a+ bγ5) /p4(a+ bγ5)

)
+

1

(p1 + p2)2 −m

1

(p1 − p3)2 −m
Tr

(
/p2(a+ bγ5) /p1(a+ bγ5) /p3(a+ bγ5) /p4(a+ bγ5)

)
+

1

(p1 + p2)2 −m

1

(p1 − p3)2 −m
Tr

(
/p1(a+ bγ5) /p2(a+ bγ5) /p4(a+ bγ5) /p3(a+ bγ5)

)]
.

(30)

In the first two lines of Eq. (30) the terms proportional to a2 don’t have any γ5, the terms in ab cancel due to the
property

Tr (γµγνγ5) = 0 , (31)

while in the term proportional to b2 we have a structure of the form

Tr (γµγ5γνγ5) = −Tr (γµγν) . (32)

Coming now to the last two lines, we note that the traces are of the form
Tr (γµ(a+ bγ5)γ

ν(a+ bγ5)γ
ρ(a+ bγ5)γ

σ(a+ bγ5)). Consider terms with one single γ5: there are four, according to the
four possible positions of the vertex with γ5. They cancel in pairs, because

Tr (γµγ5γ
νγργσ) = −Tr (γµγνγ5γ

ργσ) . (33)

The same applies to terms with three γ5 matrices: there are four, according to the four possible positions of the vertex
without γ5, and they cancel in pairs, because

Tr (γµγ5γ
νγργ5γ

σγ5) = −Tr (γµγνγ5γ
ργ5γ

σγ5) . (34)

This proves that all terms with an odd number of γ5 matrices cancel or vanish.

The third line of Eq. (30) thus reduces to

Tr
(
a4 /p2 /p1 /p3 /p4 + a2b2 /p2 /p1 /p3γ5 /p4γ5 + a2b2 /p2 /p1γ5 /p3 /p4γ5 + a2b2 /p2 /p1γ5 /p3γ5 /p4

+ a2b2 /p2γ5 /p1 /p3 /p4γ5 + a2b2 /p2γ5 /p1 /p3γ5 /p4 + a2b2 /p2γ5 /p1γ5 /p3 /p4 + b4 /p2γ5 /p1γ5 /p3γ5 /p4γ5

)
(35)

= Tr
(
a4 /p2 /p1 /p3 /p4 + a2b2 /p2 /p1 /p3γ5 /p4γ5 + a2b2 /p2γ5 /p1γ5 /p3 /p4 + b4 /p2γ5 /p1γ5 /p3γ5 /p4γ5

)
= (a4 + b4 − 2a2b2)Tr

(
/p2 /p1 /p3 /p4

)
(36)

The fourth line of Eq. (30) is obtained from the third one exchanging p1 ↔ p2 and p3 ↔ p4, so we finally get

∑
|M|2 =

g2

4
(a2 − b2)2

[
Tr

(
/p1 /p2

)
Tr

(
/p3 /p4

)
((p1 + p2)2 −m)

2 +
Tr

(
/p1 /p3

)
Tr

(
/p2 /p4

)
((p1 − p3)2 −m)

2

−
Tr

(
/p2 /p1 /p3 /p4

)
+Tr

(
/p1 /p2 /p4 /p3

)
((p1 + p2)2 −m)((p1 − p3)2 −m)

]
.

(37)

6. Using the trace properties of the gamma matrices we find∑
|M|2 =

8
g2

4
(a− b)2(a+ b)2

[
2

(p1 · p2)(p3 · p4)
((p1 + p2)2 −m)

2 + 2
(p1 · p3)(p2 · p4)
((p1 − p3)2 −m)

2 +
(p1 · p4)(p2 · p3)− (p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4)

((p1 + p2)2 −m)((p1 − p3)2 −m)

]
(38)
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7. Defining Mandelstam variables as

s = (p1 + p2)
2 = (p3 + p4)

2 = 2(p1 · p2) = 2(p3 · p4) , (39)

t = (p1 − p3)
2 = (p4 − p2)

2 = −2(p1 · p3) = −2(p2 · p4) , (40)

u = (p1 − p4)
2 = (p3 − p2)

2 = −2(p1 · p4) = −2(p2 · p3) , (41)

Eq. (38) can be rewritten as

∑
|M|2 = 2g2(a− b)2(a+ b)2

[
s2

2(s−m)2
+

t2

2(t−m)2
+

u2 − t2 − s2

4(s−m)(t−m)

]
(42)

= g2(a− b)2(a+ b)2
[

s2

(s−m)2
− t2

(t−m)2
+

st

(s−m)(t−m)

]
, (43)

where in the last step we used the property s+ t+ u = 0, since the fermions are massless.

8. We have to compute the unpolarized modulus squared of the amplitude in two cases:

• p3 = p1 and p4 = p2: In this case we have that the Mandelstam variables become

t = 0, u = (p1 − p2)
2 = −2p1 · p2 = −s . (44)

Eq. (43) becomes ∑
|M|2 = g2(a− b)2(a+ b)2

s2

(s−m)2
. (45)

• p3 = p2 and p4 = p3: In this case we have that the Mandelstam variables become

t = −s, u = 0 . (46)

Eq. (43) becomes

∑
|M|2 = g2(a− b)2(a+ b)2

[
s2

(s−m)2
+

s2

(s−m)2
+

s2

(s−m)(s+m)

]
. (47)

Therefore, we find that

AFB(p1, p2) = A(p1, p2; p1, p2)−A(p1, p2; p2, p1) = g2(a− b)2(a+ b)2
[

s2

(s−m)2
+

s2

(s−m)(s+m)

]
. (48)
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