
Solution of the exam of Theoretical Physics of June 28 2023

Real scalar field:

ϕ(x) =

∫
d3p

(2π)3
1√
2Ep

(
ape

−ipx + a†pe
ipx
)
. (1)

Spinor field:

ψ(x) =

∫
d3p

(2π)3
1√
2Ep

2∑
s=1

(
aspu

s(p)e−ipx + bs†p v
s(p)eipx

)
. (2)

1. The energy-momentum tensor is

Tµ
ν =

∂L
∂(∂µϕ)

∂νϕ+
∂L

∂(∂µψ)
∂νψ − δµνL. (3)

Using the relations
∂L

∂(∂µϕ)
= ∂µϕ,

∂L
∂(∂µψ)

= iψ̄γµ, (4)

we find that
Tµ

ν = ∂µϕ∂νϕ+ iψ̄γµ∂νψ − δµνL. (5)

The hamiltonian density is

H = T 00 = ∂0ϕ∂0ϕ+ iψ†∂0ψ − 1

2

(
∂µϕ∂

µϕ−m2
ϕϕ

2
)
− ψ̄

(
i/∂ −m+ igϕ

)
ψ

= ϕ̇2 + iψ†ψ̇ − 1

2

(
ϕ̇2 + ∂iϕ∂

iϕ−m2
ϕϕ

2
)
− ψ̄

(
iγ0∂0 + iγi∂i −m+ igϕ

)
ψ

=
1

2
ϕ̇2 +

1

2
∇⃗ϕ · ∇⃗ϕ+

m2
ϕ

2
ϕ2 + iψ̄(−iγ⃗ · ∇⃗+m)ψ − igϕψ̄ψ. (6)

2. The only internal symmetry of the theory is

ψ → ψ′ = e−iθψ, (7)

ψ̄ → ψ̄′ = eiθψ̄. (8)

The Noether current is

J µ =
∂L

∂(∂µψ)
= ψ̄γµψ, (9)

where we made use of the expression

∆ψ =
δψ

θ
=

−iθψ
θ

= −iψ. (10)

The classical conserved charge is

QU(1) =

∫
d3xJ 0(x) =

∫
d3x ψ̄(x)γ0ψ(x) =

∫
d3xψ†(x)ψ(x). (11)

In order to write the quantum charge in terms of creation and annihilation operators we substitute Eq. (2) in Eq. (11).
We get

QU(1) =

∫
d3x

∫
d3pd3p′

(2π)3
√

2Ep2Ep′

∑
ss′

(
as†p u

s†(p)eipx + bspv
s†(p)e−ipx

) (
as

′

p′us
′
(p′)e−ip′x + bs

′†
p′ v

s′(p′)eip
′x
)

(12)

=

∫
d3x

∫
d3pd3p′

(2π)3
√

2Ep2Ep′

∑
ss′

(
as†p a

s′

p′us†(p)us
′
(p′)ei(p−p′)x + as†p b

s′†
p′ u

s†(p)vs
′
(p′)ei(p+p′)x (13)

+ bspa
s′

p′vs†(p)us
′
(p′)e−i(p+p′)x + bspb

s′†
p′ v

s†(p)vs
′
(p′)e−i(p−p′)x

)
. (14)
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Integrating with respect d3x we get a delta that removes one of the integrals over momentum and we find

=

∫
d3p

(2π)32Ep

∑
ss′

(
as†p a

s′

p u
s†(p)us

′
(p) + as†p b

s′†
−pu

s†(p)vs
′
(−p) + bspa

s′

−pv
s†(p)us

′
(−p) + bspb

s′†
p vs†(p)vs

′
(p)
)
. (15)

Using the normalization conditions

us†(p)us
′
(p) = 2Epδ

ss′ (16)

vs†(p)vs
′
(p) = 2Epδ

ss′ (17)

us†(p)vs
′
(−p) = 0 (18)

vs†(p)us
′
(−p) = 0 (19)

we find

QU(1) =

∫
d3p

(2π)3
1√
2Ep

2∑
s=1

(
as†p a

s
p − bs†p b

s
p

)
, (20)

where we anticommuted bs†p and bsp and we have removed an infinite additive constant.

3. • External lines

ϕ |s(p)⟩ =
p

= 1, ⟨s(p)|ϕ =

p

= 1, (21)

ψ |f(pj , s)⟩ =
pj = us(pj), ⟨f(pj , s)|ψ =

pj = ūs(pj), (22)

ψ |f̄(pj , s)⟩ =
pj = v̄s(pj), ⟨f(pj , s)|ψ =

pj = vs(pj), (23)

• Propagators
p

=
i

p2 −m2
ϕ + iϵ

, scalar propagator (24)

p
=

i(/p+m)

p2 −m2 + iϵ
, fermion propagator (25)

• Vertex

= − g, (26)

4. The diagrams that contribute to the process fϕ→ fϕ at leading order are

p1

p2

p3

p4

+

p1 p4

p2 p3

= iMs + iMu, (27)

The amplitudes corresponding to the twi diagrams are

iMs = u(p3)(−g)
i(/q +m)

q2 −m2 + iϵ
(−g)u(p1), q = p1 + p2 = p3 + p4 (28)

iMu = u(p3)(−g)
i(/l +m)

l2 −m2 + iϵ
(−g)u(p1), l = p1 − p4 = p3 − p2 (29)
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Note that they contribute with the same sign, because no interchange of fermion fields is necessary. An explicit check
is given here (not requested): Using Wick’s theorem we get

⟨p3p4|iT |p1p2⟩ = ⟨p3p4|
(−g)2

2!

∫
d4xd4y T

[
ψ(x)ψ(x)ϕ(x)ψ(y)ψ(y)ϕ(y)

]
|p1p2⟩ (30)

=
(−g)2

2!

∫
d4xd4y ⟨p3p4| : ψ̄(x)ψ(x)ϕ(x)ψ̄(y)ψ(y)ϕ(y) : |p1p2⟩ (31)

+
(−g)2

2!

∫
d4xd4y ⟨p3p4| : ψ̄(x)ψ(x)ϕ(x)ψ̄(y)ψ(y)ϕ(y) : |p1p2⟩ (32)

=
(−g)2

2!

∫
d4xd4y SF (x− y)⟨p3p4| : ψ̄(x)ϕ(x)ψ(y)ϕ(y) : |p1p2⟩ (33)

+
(−g)2

2!

∫
d4xd4y SF (y − x)⟨p3p4| : ψ̄(y)ϕ(y)ψ(x)ϕ(x) : |p1p2⟩ (34)

= (−g)2
∫
d4xd4y SF (x− y)⟨p3p4| : ψ̄(x)ϕ(x)ψ(y)ϕ(y) : |p1p2⟩ (35)

Now we have to contract the remaining fields with the external particles. All the possible contractions are

⟨p3p4| : ψ̄(x)ϕ(x)ψ(y)ϕ(y) : |p1p2⟩+ ⟨p3p4| : ψ̄(x)ϕ(x)ψ(y)ϕ(y) : |p1p2⟩ ∼ iMs + iMu. (36)

Therefore, in the second diagram we have to exchange two scalar fields inside the normal ordering, so the two diagrams
have the same sign as stated.

5. The modulus squared of the unpolarized amplitude in the m→ 0 limit is

|M̄|2 =
1

2

2∑
s1,s3=1

(
|Ms|2 + |Mu|2 +M∗

sMu +MsM∗
u

)

=
g4

2q4
Tr
[
/p3/q/p1/q

]
+
g4

2l4
Tr
[
/p3
/l/p1

/l
]
+

g4

2q2l2

{
Tr
[
/p1/q/p3

/l
]
+Tr

[
/p3/q/p1

/l
]}

= 2
g4

q4
[
2(p1 · p2)(p2 · p3)−m2

ϕ(p1 · p3)
]
+ 2

g4

l4
[
2(p1 · p4)(p3 · p4)−m2

ϕ(p1 · p3)
]

+ 4
g4

q2l2

[
−(p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4)

]
. (37)

In the first line we have summed over the spins of the final particles (i.e. the final fermion) and we have averaged over
the spins of the initial particles (i.e. the initial fermion). In order to get Eq. (37) we used

Tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ). (38)

6. Defining Mandelstam variables as (in the m→ 0 limit)

s = q2 = (p1 + p2)
2 = (p3 + p4)

2 = m2
ϕ + 2(p1 · p2) = m2

ϕ + 2(p3 · p4) (39)

t = (p1 − p3)
2 = (p4 − p2)

2 = −2(p1 · p3) = 2m2
ϕ − 2(p2 · p4) (40)

u = l2 = (p1 − p4)
2 = (p3 − p2)

2 = m2
ϕ − 2(p1 · p4) = m2

ϕ − 2(p2 · p3) (41)

Eq. (37) becomes

|M̄|2 = g4

(
−
su−m4

ϕ

s2
−
su−m4

ϕ

u2
+

2su− 2m4
ϕ

su

)
= g4

(
−u
s
+
m4

ϕ

s2
+
m4

ϕ

u2
− s

u
+ 2−

2m4
ϕ

su

)
(42)

In the last step we used that s+ u+ t = 2m2 + 2m2
ϕ → 2m2

ϕ to eliminate the dependence on t.

7. In this case the Feynman rule for the vertex becomes −gγ5 and therefore the amplitudes in Eqs. (28-29) become

iMs = u(p3)(−gγ5)
i(/q +m)

q2 −m2 + iϵ
(−gγ5)u(p1), q = p1 + p2 = p3 + p4, (43)

iMu = u(p3)(−gγ5)
i(/l +m)

l2 −m2 + iϵ
(−gγ5)u(p1), l = p1 − p4 = p3 − p2. (44)
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This means that first trace in Eq. (37) is unchanged:

Tr
[
/p3γ

5
/qγ

5
/p1γ

5
/qγ

5
]
= Tr

[
/p3/q/p1/q

]
(45)

where we used the identities (γ5)2 = 1 and that γ5γµ = −γµγ5. Hence the results of Eqs. (37,42) don’t change. We
can understand this by noting that the interaction term in the two Lagrangians Eq. (1) and (2) of the assignment, in
terms of chiral components ψR = 1+γ5

2 ψ, ψL = 1−γ5

2 ψ, have respectively the form Lagrangian has the form

igψ̄ψϕ = ig
(
ψ̄LψRϕ+ ψ̄RψLϕ

)
, (46)

igψ̄γ5ψϕ = ig
(
ψ̄LψRϕ− ψ̄RψLϕ

)
. (47)

But for a massless theory the right and left components propagate independently, so both the t-channel and s-channel
amplitudes can be written as the sum of two contributions, with incominf left and propagating right or incoming right
and propagating left fermion. The two chiral amplitudes have manifestly the same relative sign both for the scalar and
the pseudoscalar interaction so the total amplitude is unchanged.

8. In order to compute the modulus squared of the amplituthe in the limit m → ∞ we have to repeat the computation
of the exercise 5, keeping the mass of the fermion. We get

|M̄|2 =
1

2

2∑
s1,s3=1

(
|Ms|2 + |Mu|2 +M∗

sMu +MsM∗
u

)

=
g4

2(q2 −m2)2
Tr
[
(/p3 +m)(/q +m)(/p1 +m)(/q +m)

]
+

g4

2(l2 −m2)2
Tr
[
(/p3 +m)(/l +m)(/p1 +m)(/l +m)

]
+

g4

2(q2 −m2)(l2 −m2)

{
Tr
[
(/p1 +m)(/q +m)(/p3 +m)(/l +m)

]
+Tr

[
(/p3 +m)(/q +m)(/p1 +m)(/l +m)

]}
= 2

g4

(q2 −m2)2

[
4m2(p1 · p2) + 4m2(p1 · p3) + 4m2(p2 · p3)−m2

ϕ(p1 · p3) + 2(p1 · p2)(p2 · p3) + 4m4 +m2m2
ϕ

]
+ 2

g4

(l2 −m2)2

[
4m2(p1 · p3)− 4m2(p1 · p4)− 4m2(p3 · p4)−m2

ϕ(p1 · p3) + 2(p1 · p4)(p3 · p4) + 4m4 +m2m2
ϕ

]
+ 4

g4

(q2 −m2)(l2 −m2)

[
2m2(p1 · p2) + 4m2(p1 · p3)− 2m2(p1 · p4) + 2m2(p2 · p3)−m2(p2 · p4)− 2m2(p3 · p4)

− (p1 · p4)(p2 · p3) + (p1 · p3)(p2 · p4)− (p1 · p2)(p3 · p4) + 4m4
]

(48)

The Mandelstam variables in Eqs. (39-41) with full mass dependence are

s = q2 = (p1 + p2)
2 = (p3 + p4)

2 = m2 +m2
ϕ + 2(p1 · p2) = m2 +m2

ϕ + 2(p3 · p4) (49)

t = (p1 − p3)
2 = (p4 − p2)

2 = 2m2 − 2(p1 · p3) = 2m2
ϕ − 2(p2 · p4) (50)

u = l2 = (p1 − p4)
2 = (p3 − p2)

2 = m2 +m2
ϕ − 2(p1 · p4) = m2 +m2

ϕ − 2(p2 · p3). (51)

Equation (48) becomes

|M̄|2 = g4
(
15m4 − 2m2m2

ϕ + 5m2s− 4m2t− 3m2u−m4
ϕ +m2

ϕs+m2
ϕt+m2

ϕu− su

(s−m2)2

+
15m4 − 2m2m2

ϕ − 3m2s− 4m2t+ 5m2u−m4
ϕ +m2

ϕs+m2
ϕt+m2

ϕu− su

(u−m2)2

+
30m4 − 4m2m2

ϕ + 2m2s− 8m2t+ 2m2u− 2m4
ϕ + 2m2

ϕs− 2m2
ϕt+ 2m2

ϕu− s2 + t2 − u2

(s−m2)(u−m2)

)
.

(52)

Taking now the limit m→ ∞ the Mandelstam invariants are

s = (p1 + p2)
2 = m2 +m2

ϕ + 2p1 · p2 = m2 +m2
ϕ + 2

(√
m2 + |p⃗1|2

√
m2

ϕ + |p⃗2|2 − p⃗1 · p⃗2
)
→ m2 + 2mmϕ (53)

and

u = (p1 − p4)
2 = m2 +m2

ϕ − 2p1 · p4 = m2 +m2
ϕ − 2

(√
m2 + |p⃗1|2

√
m2

ϕ + |p⃗4|2 − p⃗1 · p⃗4
)
→ m2 − 2mmϕ (54)

and we find

|M̄|2 → g4

(
32 + 8

m2
ϕ

m2

)
→ 32g4. (55)
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Because the coupling g is dimensionless, in the m → ∞ limit in which all other dimensionful quantities are negligible
the squared amplitude can only depend on g by dimensional analysis. Note that in the Mandelstam invariants we must
expand up to first order in 1/m because in the propagator denominators the leading order term cancels. Note also
that, because the result cannot depend on the momenta, when performing the expansion in Eq. (53) we are free to
choose |p⃗i| << mϕ.

On this point full score is given for understanding that the result is constant and providing a correct argument for
estimating this constant even in the absence of a full calculation.
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