QUANTUM FIELD THEORY 1

Solution
July 14th, 2021

Consider a theory which involves a complex scalar ¢, a Dirac fermion ¢, and a photon
field A, given by the following Lagrangian:
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where ¢ is a complex scalar field, F},,, is the Maxwell field strength, and D), is the covariant

derivative defined as
D, = 0, + ieA,. (2)

e The complex scalar field ¢ is defined as
d*p

)= | ——————

A& 1) / (2m)34/2E,

with the commutation relation:
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lag, al] = by, bf] = (21)°6) (5 — k). (4)

Py VR

e The Maxwell field tensor is defined as F),, = 9),A,), where the expression of the
photon field is given by

Au(x) / 2m)3 di/ﬁ Z {EIU\ plag e P Eu )\(p)aT ep%“} . (5)

e The Dirac fermion field v is defined as follows

(T, t) = / 2m ) \/ﬁz {bs S(p)e~ip e _i_cgfvs(p)eipuzu}’ (6)

with the annihilation and creation operators satisfying the following anticommuta-
tion relation:

{b3, b5} = {c5, & } = (2m)%6° 6P (5 — k). (7)
(1) The energy-momentum tensor for this theory is given by:
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The Hamiltonian density H = T is then given by:

H = 206" +icA’ (66" — ¢°0) + i) — FUA; — gL (10)
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where the last step holds assuming A° = 0.

The canonical momenta are respectively for the scalar field 7 = ¢, for the fermion

field T = ¢ and for the Maxwell field £* = F%. We thus find
H =7+ (V6") - (Vo) +ie | 6(Ve") - A= 6" (V) - A] +mapy
7 = 1 — — .. ..
+ (mi — GQAMA“) ‘¢|2 + )y - (V¢) + 5 (E E+ FUFZ]) ) (12)

Note that becaue the Dirac Larangian is first order in time derivatives, the Hamil-
tonian does not depend on the canonical momentum.
(Full credit is given for simply stating that E* = F%).

Let us now write down the transformations that leave the Lagrangian invariant and
derive the corresponding Noether’s currents.

— Charge conservation for scalars

The Lagrangian is invariant under the transformation:
¢ — ¢ =e . (13)
Since the scalar field is complex, the variations of the fields ¢ and ¢* has to
be considered as independent. The infinitesimal transformations are:
b — o+ Ap~(1—ia)p=Ap=—i¢ (14)
PF— "+ AP" ~ (1 +ia)p" = Ag" = ip” (15)

Using these results to compute the conserved Noether current associated with
the above symmetry, we have:

¢ — 0+ Ap~(1—ia)p= Ap=—i¢ (16)
¢ — "+ AP" ~ (1 +ia)p" = A¢™ = i¢" (17)

Using these results to compute the conserved Noether current associated with
the above symmetry, we have:
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— Charge conservation for fermions

For the fermion field, the following transformation leaves the Lagrangian in-

variant:
Y — P =T (21)
The corresponding Noether’s current can be written as:
*CDirac . *CDirac . T
Tl = A with = ja)y*, 22
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and A can be known by considering an infinitesimal transformation

Y — v+ Ay, A= —igy.

Combining this result to the ones in Eq. (22), we have

T8 = qpy*p.

(23)

(24)

The symmetry transformations are given by the U(1) groups which correspond to
the conservation of charges. Hence, the global symmetry group that governs the

theory is U(1) ® U(1).
(3) Let us now write down the Feynman rules of the theory.

(a) External lines:

Ols(p)) =-->-e=1, (sl =o->--=1,
VIf(p,s)) = ——o =us(p), (f(p5)lW) = & —=1,(p),
VIf(pys)) = ——0=0s(p); (f(p5)l) = o——=v,(p),

A#W(% 3)) :/\/}7/\/.: eu(p,s), <7(p7 3)‘14# = O\ = EZ(p,S).

(b) Propagators:
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In the expression of the photon propagator, £ parametrizes a set of covariant

gauges (for a Feynman gauge, £ = 1).
(¢) Vertices:
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(4) Let us now compute the scattering amplitude of the process ff — ¢¢. As shown in
Fig. 1, only one single diagram contribute to such a process at leading order. Using
the above Feynman rules, the amplitude can be written as:

f(p1,51) ¢,(p3)
L v
(p1 +p2) .
f(pza 53) 5(294)
IMg

Figure 1: Leading non-vanishing diagrams for ff — ¢¢.

iM, = (—ic)? (ps — pa)” (—(pi—p)> w(p )" 5(pe) (30)
= Zﬁ; (ps — pa)” u(p1) 7 0(p2). (31)

Taking the modulus square of the above amplitude leads to the following:
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|IM,|? = 2 (ps — pa)" (ps — pa)” Tr [u(p1)7,0(p2)v(P2) 1 u(p1)] - (32)

Since we are considering an unpolarized process, we need to average over the po-
larization of the initial state fermions. This yields:

M =1 S IMP (3)
= 46—:2 (s — pa)" (p3 — pa)” Tr [(?1 + m> T (?g - m) %] ’ (34)

where to go from the first to the second line we used the completeness relations
> Wlpr, s))ulp, s1) = (p, + m) and 3°_ 0(p2, 52)v(p2, $2) = (P, — m).

The expression of the amplitude in Eq. (34) can be simplified using the following
property of trace

Te [(p+ m) v (K = m)w] = 4 [puks + poku = gum® = gu(Pk)] . (35)

where the parenthesis denote the usual scalar product. Thus, Eq.(34) now becomes:
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IM,|* = — (s = p2)" (s —pa)" [(p1)u(P2)y + (P1)0(P2)y — Guw (M + (P1p2))] (36)
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= % [2<p1p3)(]?2p3) —p3(m* + (p1]32))] + ) [2(plp4)(]92p4) —pi(m® + (Plpzm
+ QS_f [(p1p3) (p2pa) + (p1ps)(paps) — (p3pa)(M® + (p1p2))] (37)

The above expression can be simplified further using the following definition of the
Mandesltam variables

(p1p2) = g —m? (38)
(p3pa) = g —mg, (39)
(p1ps) = (p2ps) = % (m® +mj —t) (40)
(P1p4) = (p2ps) = % (m? +m2 —u), (41)

Using the above definitions and performing some algebraic simplifications, the am-
plitude in Eq. (34) now becomes:
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|IM|* = ¥ [* —4mis — (t —u)?]. (42)

(5) Let us compute the high-energy limit of the amplitude computed in the previous
m2 . .

section. In the high energy limit %2 — 0 and =% — 0 so the limit is found setting
the masses to zero (m = m, = 0) in Eq. (42), and the amplitude in this limit is

given by
MHE2_€_4 2 _ (f _ )2 43
M2 = 5 [ = (= w)?]. ()

Now, let us compute the minimal energy (say for the incoming fermion p;) that is
required in order for the above process to take place. Let us work in the center of
mass system (CMS) where pj = —p3 = p. The total CMS energy of the scalars
after the collision is given by:

2
s = By = (\fm2 + 1712+ \m3 + 7).

so the minimum s,,;;, corresponds to the two scalars being at rest in the CMS, i.e.
P =0 and

(44)

Smin = 4mi. (45)
But
Smin = (s + p2)® = 4E* = 4y/m? + 2, (46)

where p'is the three-momentum of the incoming particles. Hence if m? > mé the
process always happens, if m? < mi the center-of-mass energy of the incoming
particles must be at least as given by Eq. (45).
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We can use the result form Eq. (45) to derive the value of the amplitude correspond-
ing to the minimum energy in the center of mass frame. As mentioned before, the
minimum energy corresponds to the two scalars being at rest in the CMS. This
immediately implies that (p; — p3) = (p1 — p4), so t = u. Hence, we have

4

-~ Em _ e
M = AL = 55 [ — A smin] = 0. (47

min

Let us now derive the modulus square of the process f¢ — f¢. At leading order,
only one single diagram contribute:

f(p1,51)  f(p2, 52)

iM(f¢— fo) = (48)

d(ps) d(pa)

Using the Feynman rules in Sec. (3), we can write down the expression of the
scattering amplitude:

2
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Multiplying Eq. (49) by its complex conjugate and using the completeness relations,
we find that the modulus square of the amplitude can be written as:

4

6—)4 (p3 +pa)" (ps +pa)” Tr [(}7)1 T m) Tu (pZ + m> %] - (50)

MyJ? =
(pl — P2

We can notice that Eq. (50) is related to Eq. (32) with the following transformation
of the momenta:

IMy* = =M (p1 = pr.p2 = —p2,ps — pa,ps — —ps) |*. (51)
In terms of Mandelstam variables, this can be expressed as:
IM|? = | M (s =t t — u,u — s) % (52)

Therefore, using Eq. (42), we can derive the modulus square for the unpolarized
process f¢ — f¢ which reads as:

o [(u— s)* +4mit — 7] . (53)
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