Solution of the exam of Theoretical Physics of July 19 2023

Electromagnetic field:
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1. The energy-momentum tensor is defined as
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The hamiltonian density is
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In the Coulomb gauge A° = 0 and therefore A; = FO; = —F%. Moreover we have D° = 3°. We thus get the simplified
expression
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Note that we have assumed that V denotes 0;, but A denotes AP = —A;.

2. The symmetries of the theory are:
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that correspond to a U(1); ® U(1)2 symmetry. The Noether currents are
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The charge operators are
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The derivation can be found in standard textbooks. The conservation law Corresponds to fermion number conservation
for each of the two fermion species independently .
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3. The diagrams that contribute to the process are
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with [y = p; —p3 and lo = p1 — pa.
4. The amplitudes are
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where the fermion and antifermion in the initial state must have the same mass, and m = m; or m = my according to
the nature of the incoming fermion.

The unpolarized amplitude is obtained averaging over the spins of the initial fermions and summing over the polariza-
tions of the final photons, using the identities
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and performing the sum over photon polarization as suggested in the assignment.

Setting m; = 0 the result becomes independent of the species of incoming fermion. So, regardless of the nature of the
incoming fermion pair we get

WP =1 S IMiP (19)

$1,52 A3,\4
64 1 v m H/ ! 1 v " H/ v
=7 ETr [pﬁ/ Iy Py A% ] Jup' G + ETT []/jQ“/ 2% Py Ioy ] Gov' Gup/ (20)

1 ! ’ ]_ ’ ’
+ WTI‘ |:¢27Vllﬁy#p1’yp’ lQ’yV i| Guv' Gup! + WTI‘ [pz’yylg’y“]ﬁﬂ” ll’YV :| g#y/gu#/}. (21)
1°2 12



Using the identities
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we get
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The last term is seen to vanish in the massless case: indeed, using momentum conservation

P2 =p3+ps—pP1 (24)

so, squaring both sides of the equation and using p? = 0 for all 4,
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We thus find
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. Defining the Mandelstam variables as
s = (p1+p2)* = (p3s +pa)* = 2(p1 - p2) = 2(p3 - pa),
t=10 = (p1—p3)® = (pa —p2)> = —2(p1 - p3) = —2(p2 - pa), (27)
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we find
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. The diagrams that contribute to the process are the following
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with [y = ky — k3 and Iy = k3 — ko. It is apparent that the amplitudes can be obtained from those computed at point
(5) by performing the substitutions

p1 — —ks (30)
p2 — —ky (31)
p3 — —k1 (32)
pa — —ka, (33)
so that B B
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(crossing symmetry).
This implies
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Hence
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However, if we cannot distinguish the nature of the fermions we must keep into account the fact that at point (5) the
fermions were incoming (so the result was the same independent of which fermion enters the process) while now the
fermions are outgoing (so we must sum over the possible final states). The reason is the same why we average over

intial polarizaton but sum over final ones.

Hence, the result is now multiplied by a factor 2 in comparison to that of point (6):
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. In the case m; = mo = 0 the Dirac part of the lagrangian can be written as
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where we defined

The symmetry now is

(41)

where Uy, and Ug are generic 2 X 2 unitary matrices, which in turn can be written as a 2 X 2 unitary matrix with

determinant equal to 1 (special unitary matrix) times a phase transformation.
Hence the symmetry is U(2)p @ U(2), = SU2)r @ U(1)r ® SU(2)r ® U(1), symmetry.
Full score is given for noting that U; are generic 2 X 2 unitary matrices.

The Noether currents are
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and the charges are
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where o; are Pauli matrices.

The commutation relations are

[QR,LyQLR] = [QR,LaQ%,R] = [Q?{,DQ%,R] =0.
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Full score is given for just stating that the commutation relations between the charges are the same as the commutation

relations of the generators of the unitary transformations.



