
Solution to the exam of QUANTUM PHYSICS II
of 21 February 2025

(1) Using the following coordinate decomposition

x⃗1 = R⃗+ r⃗/2;

x⃗2 = R⃗− r⃗/2;

p⃗1 = P⃗ /2 + p⃗;

p⃗2 = P⃗ /2− p⃗,

(1)

we can write the Hamiltonian as

H = HCOM +Hrel;

HCOM =
P⃗ 2

2M
;

Hrel =
p⃗2

2µ
− e2

|r⃗|
,

(2)

where M = 2m and µ = m/2

Looking at the relative part, this is just the Hydrogen atomWe already know the energy spectrum
of Hydrogen, and we can add the energy of the free particle that is the COM part:

En = −µe
4

2h̄

1

n2
+
P⃗ 2

2M
. (3)

(2) Again we treat the relative (Hydrogen atom) and COM (free particle) parts separately. The

Hydrogen G.S. wavefunction is ψHy
100(r⃗) =

e−r/a
√
πa3

, with a = h̄2/µe2 in this case, and r = |r⃗|. Since
HCOM is the Hamiltonian of a free particle with massM , the eigenfunctions are just plane waves

ψCOM (R⃗) = 1
(2π)3/2

eik⃗·R⃗, with k⃗ = P⃗ /h̄ the COM wavevector and in the G.S. k⃗ = 0. In total we

then have for the GS:

ψGS =
1

(2π)3/2
ψHy
100(r⃗). (4)

(3) Here we will ignore the free particle WF, because it will cancel out in the modulus.
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⟨r⟩ =
∫
d3r⃗ |ψ100(r)|2 r

=

∫
d cos θ dϕ dr r2|ψ100(r)|2r

= 4π

∫ ∞

0

dr r3|ψ100(r)|2

=
4

a3

∫ ∞

0

dr r3e−2r/a

=
4

a3
6

(2/a)4
= 3a/2 = 3/(me2),

(5)

where in the last line we used the given equation to solve the integral.

(4) We have a probability density

P (r) = |ψ100(r)|2d3r⃗
= 4πr2 |ψ100(r)|2 dr

=
4πr2

πa3
e−2r/a =

4r2

a3
e−2r/a.

(6)

We maximize P (r) by setting dP (r)/dr = 0:

dP

dr
=

8r

a3
e−2r/a(1− r

a
) = 0, (7)

which leads to rmax = 0 or ±a. Since r is a distance, r = a = 2
me2 is the nontrivial solution.

(5) n = 2 and l ̸= 0, so l = 1. Then m = −1, 0, 1. The most general state we can construct is
|2, 1,m⟩, so we write a superposition of the different states |2, 1,m⟩:

|ψ⟩ = a|2, 1, 1⟩+ b|2, 1, 0⟩+ c|2, 1,−1⟩, (8)

where the coefficients satisfy |a|2 + |b|2 = |c|2 = 1.

(6) See Eq. (10.135)-(10.141) of the textbook.

(7)
P = |211⟩⟨21− 1|+ |21− 1⟩⟨211|. (9)

In the basis |211⟩, |210⟩, |21− 1⟩, we can put this operator in matrix form:

P =

0 0 1
0 0 0
1 0 0

 . (10)
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Note that this is the first Pauli matrix in 2D if you remove the non-acting state |210⟩. So we have

to determine the eigenvalues and eigenstates of the Pauli matrix (where we take |211⟩ =

(
1
0

)
and |21− 1⟩ =

(
0
1

)
):

σx =

(
0 1
1 0

)
. (11)

We already know the eigenvalues of this matrix, namely −1, 1, with corresponding eigenvectors

|ψ+⟩ =
1√
2

(
1
1

)
=

1√
2
(|211⟩+ |21− 1⟩);

|ψ−⟩ =
1√
2

(
1
−1

)
=

1√
2
(|211⟩ − |21− 1⟩).

(12)

Next to this, we have the eigenvalue 0 corresponding to the non-acting state |210⟩. Looking at
the general state Eq. 8 this has probability |b|2. The other probabilities are given by

P (λ = 1) =
1

2
|(a∗⟨211|+ b∗⟨210|+ c∗⟨21− 1|)(|211⟩+ |21− 1⟩)|2 =

|a+ c|2

2
;

P (λ = −1) =
1

2
|(a∗⟨211|+ b∗⟨210|+ c∗⟨21− 1|)(|211⟩ − |21− 1⟩)|2 =

|a− c|2

2
.

(13)

You see that all probabilities nicely add up to |a|2 + |b|2 + |c|2 = 1.

So the possible measurement outcomes are −1 and 1, with the state collapsing to 1√
2
(|211⟩ −

|21− 1⟩) and 1√
2
(|211⟩+ |21− 1⟩) respectively. The corresponding probabilities are given by Eq.

13.

(8) Hp = ϵB⃗ · L⃗ = ϵ(BxL
x + ByL

y + BzL
z). We can choose B⃗ to be along the z-axis, so that

Hp = ϵBzL
z. We know that

Lz|nlm⟩ = h̄m |nlm⟩, (14)

so the three degenerate states are already eigenvectors of the perturbation:

E(1)
m = ϵBzh̄m. (15)

The respective eigenvalues are the first-order correction to the energy.

This perturbation lifts the degeneracy between |21 − 1⟩, |210⟩ and |211⟩, because it introduces
an explicit m-dependence in the energy.

(9) λ = 1 with |ψ+(0)⟩ = 1√
2
(|211⟩+ |21− 1⟩) the state after measurement.
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At time t

|ψ+(t)⟩ = eiHt/h̄|ψ+(0)⟩ = ei(H+Hp)t/h̄|ψ+(0)⟩, (16)

= e−iEn
h̄ eiHpt/h̄|ψ+(0)⟩. (17)

The hydrogen energies En energies cancel out in the modulus of the probability because they are
an overall factor. The other exponent containing Hp = ϵBzLz acts different on the eigenstates
of m, so we have to compute

|ψ+(t)⟩ =
1√
2
eitEn/h̄(eiϵBzt/h̄|211⟩+ e−iϵBzt/h̄|21− 1⟩) (18)

Then the probability of this state evolving to the λ = −1 state is given by

Pλ→−1 = |⟨ψ−(0)|ψ+(t)|2 = |1
2
(⟨211| − ⟨21− 1|)(eiϵBzt/h̄|211⟩+ e−iϵBzt/h̄|21− 1⟩)|2

= |1
2
(eiϵBzt/h̄ − e−iϵBzt/h̄)|2 = sin2

ϵBzt

h̄
.

(19)

(10) To prove the result we note that
[Lz, z] = [Lz, z

2] = 0 (20)

This implies that

0 = ⟨nlm|[Lz, z
2]|nlm′⟩ = (m−m′)⟨nlm|z2|nlm′⟩. (21)

This equation can only be satisfied if either m = m′, or ⟨nlm|z2|nlm′⟩ = 0, i.e. only the diagonal
matrix elements are nonzero.

(11) The perturbation is given by

V (t) = Ez2e−t/τΘ(t), (22)

and is therefore dependent on the z2 operator. The transition probability from the one state to
the other is given by the following in time-dependent perturbation theory:

P (−1 → 1) = Ee−t/τΘ(t)⟨ψ−|z2|ψ+⟩ ∝ (⟨211| − ⟨21− 1|)z2(|211⟩+ |21− 1⟩)). (23)

Using the result from the previous question, we can simplify this to

P (−1 → 1) ∝ ⟨211|z2|211⟩ − ⟨21− 1|z2|21− 1⟩. (24)

But we now note that P |211⟩ = |21 − 1⟩, where P is the parity operator. It follows that
⟨211|z2|211⟩ = ⟨21− 1|z2|21− 1⟩ so the transition probability is zero.
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