Solution to the exam of QUANTUM PHYSICS II
of 19 September 2025

H = H, + Hy, (1)
where 9 2 2 2
T2 4 Y z2 4 pY
Hy — p1 2mP1 i 253 Qmpz T mw? [(11 _ x2)2 + (g — y2)2} (2)
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pi® | p3 2 2
H2 — o 5 + mw [(Zl — 22) } —|—E2,’1 + EZQ. (3)

(1) We are asked to split these Hamiltonians up into a center-of-mass (COM) part and a relative
part. In order to do this, we define the following COM and relative coordinates:

:$1+$2 :y1+y2 :21+22 (1)
4z 9 y Qy 9 y 4z 9 y
Te =1 — X2, Ty =Y1 — Y2, T2 = 21 — 22, (2)
P, =p{ +p5, Py=p{ +ph, P.=pi+ps, (3)
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We also define the total and reduced mass, respectively M = 2m,u = m/2. In terms of these
coordinates, the Hamiltonians are written as

P+ P? . DitD p2+p: 1
HY = Wy’ H} = o Y 1 mw?(r2 +r§) = o LA §m92(rﬁ +r§), (5)
p? p2 1
Hy = = +2Eq., Hj =>4 -uQ'2r?
2= gp T2 Hy =50+ our (6)
where we have defined
Q) =2w (7)
Q=24 (8)

(2) The time evolution in the Heisenberg picture can be computed by using

dOg 1
= —|H,Og]. 9
L — L H,0x) ©)
HY commutes with the COM position and momentum, so we only use the COM Hamiltonian
2 2 2
H® = % + 2Fq, to compute the time evolution.



The equations of motion for the three position operators g; are

P? i

dgj iy 0 [ 2
i i P,
= oiag Ll 6] + 1B 4s1Py) = o (200P)) = —7. (10)

The equations of motion for the momentum operators P? differ according to whether i = 1,2 or
i =3. For i =1,2 we get

dPt i ;
=_—[H,P|=0 11
= LH P =0, (1)
while for ¢ = 3 we get
dP, i 2E
=—[H,P,| = — = —2F 12

Integrating the equations of motion for the momentum operators, we get

Py(t) = P.(0) (13)
Py(t) = Pyy0) (14)
P.(t) = P.(0) — 2Et. (15)

Substituting in the equations for the position operators, we get

4z(t) = ¢ (0) + %@t (16)
w0 = 0,0 + 240, a7)
0.(t) = 0.0+ =0 pe. (18)
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The total relative Hamiltonian is the sum of three one-dimensional harmonic oscillator (HO)
Hamiltonians:
p? L 522 2 S
H = = 4 —puQr? = 4+ —uf . 19
jgy 2p i 2! ’ (2# ’ 2! ZTZ) (19)

The energy spectrum is

1 1 1
E=E,+E,+E, =hQ(n, + 5) + hQ(ny, + 5) + A (n, + 5)

=h (QN +Q'n, + 2) ) (20)



where N = n, +n,. Because Q # ' and they are said to be incommensurable, this is the sum of
a one-dimensional and a two-dimensional isotropic HO. The degeneracy is therefore the same as
that of the isotropic two-dimensional oscillator, and equal to the number of ways one can choose
n, and n, with fixed Nm hence

d=N+1. (22)

This is just a product of the harmonic oscillator ground states:

MNP M
w(,,:*) — o 91/29/1/4 exp — — |:(Q($2 T y2) T Q/2ZQ:| . (23)
wh 2h
We can write a general state of H{ as [¢) = |ng,n,). The first excited state has one of the

components in the first excited state, and can be written as

|¢1> :Oé|170>—|—5|071>, (24)

with the normalisation condition |«|?+|3|> = 1. Since o and 8 both have a real and an imaginary
component, we start with 4 independent parameters. Then we have —1 from the normalisation
constraint and —1 because the overall phase is unobservable, so we are left with 2 independent
parameters.

See Sect. 11.2, Eqgs. (11.39 -11.42) of the textbook.

We need to write the operator O in the two-dimensional subspace spanned by the states |i7) for

general o and 8. We can do this in matrix form, defining |1,0) = (é) and 0,1) = ((1)) We

note that u{) = mw, hence the operators a;, a;-[ are the usual creation and annihilation operators.
The matrix of the operator O in the subspace then is

0= (? é) . (25)

It has eigenvalues +\ with corresponding eigenvectors

H==(1). H-5(): (26)

The probabilities of measuring either A\ or —\ can then be calculated as

a4+ 8P

P(+A) = [(+]¢1) }\(<170I +(0,1))(e]1,0) + 50, 1)) 5
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(27)
P(=)) (28)

You can check that the probabilities nicely add up to one, as demanded by the normalisation
constraint.



(8) The first excited state energy of the nonperturbed Hamiltonian is

E§0) = hw(ng +ny + 1) = 27w, (29)

which has a degeneracy of 2 due to the fact that either n;,n, = 1,0 or n,,n, = 0,1. We must
consequently use degenerate perturbation theory. The matrix of the perturbation is

H = €O = eloy. (30)

The eigenstates and eigenvalues have been calculated in the previous exercise. The effect of the
perturbation is to split the degenerate state into these eigenstates, with energies given by the
sum of the unperturbed energy F; and these eigenvalues, i.e.

Ef =FE; +el (31)
(9) We have the operator

LY alea, = Lahabor (). (52)

,j=1

Now we calculate the commutation relations

o - 1
[]aa]b] = Z Z[G‘I z]amaLO'kZG“Z = Z UZjUkl[aTaJ’ aLal]

ijkl zgkl

= Zazjakl ( a]’alt]a’l - al[al’aT ])
’L]k‘l

_ 1 a b (5 T 5 T

1 Z%Uz@z ( jk@; Q1 — 01iGy, G
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il ijk

1 R

= Z Z[U?ja J?k]ajak = 5 Z Zeabco'](éja;rak (33)
ijk ijk

= t€abef . (34)

Therefore the operators j, have the commutation relations of angular momentum operators (up
to a factor h). It follows that the spectrum of J? is the same as that of the total angular
momentum, namely j(j 4+ 1), with j integer or half-integer.

(10) For the normal ladder operators we have the following commutation relations:

lai, al] = 65, [ai, a;] = [af,al] = 0. (35)



Calculating these relations for A4 is a matter of plugging in the commutation relations for a, a':

[As, Ay] = (AL, AL :%(0+0+0+0) =0, (36)
[Ai,ATi]Z%(l-i-l-i-O-l-O):l, (37)
Ay, Al =2 (1-1) =0, (38)

So we can conclude that indeed these commutation relations are the same as for a, al, namely:

[AvaJcrr] = (Spfﬂ [AP’ AU] = [A,LAZ—] =0, (39)
with p,o € +, —.
We first note that
HI =ala, + a;;ay +1 (40)
—AtA, A A 1=N, + N 41, (41)
where
Ny = ALA, (42)
are the usual number operators, with spectrum given by non-negative integers n. We then
express O in terms of AL, AL by rewriting a, = A*\%A* ) Gy = A*JEA’ :

O = (afay +ala,) = AL A, —ATA_ = (N, - N). (43)
It follows that the Hamiltonian can be written as
H{+eXO =hQ(Ny + N_+ 1)+ eA(Ny — N_). (44)
The spectrum is thus

Epon = Q4+ eX)ny + (hQ — eX)n_ + hQd. (45)



